Abstract. The approximation theory is one of the important branch of functional analysis thatCebysev originated it in nineteenth century. Our aim in this work, is considering a part of this theory which present some sufficient conditions that under them the closed subsets in a normed linear space are proximinal andCebysev. To do so, we use Fréchet differentiability of the distance functions.
Basic definitions and Preliminaries
In this section, we collect some elementary facts which will help us to establish our main results. For details the reader is referred to [2, 3] . As the first step, let us fix our notation. Through this paper, K denotes a non-empty subset of real normed linear space (X, . ), S(X) = {x ∈ X; x = 1}, B[0; r] = {x ∈ X; x ≤ r} and B(X) = {x ∈ X; x ≤ 1}. For subset K, the distance of x ∈ X from K is defined as d K (x) = inf { y − x ; y ∈ K}.
It has an elementary solution to see that d K (x) = 0 if and only if x belongs to closure of K. The subset K is called proximinal if, each point in X \ K has a nearest point in K. In other words, for every x ∈ X \ K, there exists y ∈ K such that y − x = d K (x). For each x ∈ X, set
We say that K isCebysev if, P K (x) is unique for every x ∈ X \ K. (This concept was introduced by S. B. Stechkin in honour of the founder of best approximation theory,Cebysev). It is clear that if x ∈ K\K then P K (x) is empty. Of this statement it is found a necessary condition for proximinality of K is closeness. Since otherwise for x ∈ K\K we have P K (x) = φ that is a contradiction [5] .
Since the functional e x : K → R which e x (y) = y − x is continuous, each compact, in particular finite-dimensional, subset of X is proximinal. Hence every closed subset in compact space X is proximinal. We say that the subset K is boundedly weakly compact, provided that K B[0; r] is weakly compact in X for every r ≥ 0. J. Borwein and S. Fitzpatrick in [1] showed that if K is non-empty and boundedly weakly compact then K is proximinal. Also, they showed every closed convex subset in a reflexive space is proximinal. It is easy to see that in a reflexive space, every weakly closed subset is proximinal; however, the statement is not true for arbitrary (norm) closed sets. For each subset K, we define the set-valued mapping P K and called it metric projection, which P K assigns every x ∈ X to set
and we say that the metric projection P K is continuous at x ∈ X\K provided that lim n→∞ y n = y 0 if y n ∈ P K (x n ) for each n ∈ N and lim n→∞ x n = x 0 . If every minimizing sequence for x ∈ X\K converges, then P K is continuous at x; the converse holds in normed spaces whose norms are sufficiently well behaved [4] . Let f : X → R be a function and x, y ∈ X. Then f is said to be Gateaux differ-
, y >, usually. If the limit above exists uniformly for each y ∈ S(X), then f is Fréchet differentiable at x with Fréchet derivative A. Similarly, the norm function
, y > ≤ ε y , for each y ∈ X with y < δ.
Main Results
We start our work with the following lemma: Lemma 1. Suppose K is closed and the distance function d K is Gateaux differentiable at x ∈ X\K. Then for every y ∈ P K (x) we have d
exists for every z ∈ X. But for each t > 0
Hence, in particular, for z = x − y lim inf
On the other hand, since distance functions are Lipschitz ( with constant 1) we have lim sup
as required. We say that a non-zero element x * ∈ X * strongly exposes B(X) at x ∈ S(X)
Proof. We can choose a sequence (a n ) ∞ n=1 of positive numbers such that lim n→∞ a n = 0 and a
Hence, if 0 < t < 1 then for each n ∈ N
Let t n = an x−yn and a n < δ for large n. Replacing y by t n (y n − x) in ( * ) we get
Since ε > 0, lim n→∞ a n = 0, lim
It is interest to know that if K is closed in X, x ∈ X\K and (y n ) ∞ n=1 is a minimizing sequence in K for x with the weak limit y ∈ K, then y is a nearest point for x in K, because the norm is a lower-semi-continuous function with respect to weak topology and we have
The dual norm of X * is Fréchet differentiable at x * ∈ X * if and only if x * strongly exposes B(X).
Corollary 4. Let K is closed in X, the distance function d K is Fréchet differentiable at x ∈ X\K and the dual norm of X * is Fréchet differentiable. Then each minimizing sequence in K for x is converges. Proof. Combine theorem 2 and theorem 3. Corollary 5.
Let K is closed in X, x ∈ X\K and the distance function d K is Fréchet differentiable at x. Also the dual norm of X * is Fréchet differentiable. Then the metric projection P K is continuous at x. We say that the space X is strictly convex (rotund) if, x = y whenever x = y = x+y 2 = 1 and X is Kadec if each weakly convergent sequence (x n ) ∞ n=1 in X with the weak limit x ∈ X converges (in norm) to x whenever lim
The Kadec spaces, play (explicitly or implicitly) an absolutely key role in geometric Banach space theory and its applications. Also, a space X is called strongly convex if it is reflexive, Kadec and strictly convex. For example, each Hilbert space is strongly convex. It is a well known theorem which the dual norm of X * is Fréchet differentiable if, the space X is strongly convex [6] . Corollary 6. Suppose that K is closed in strongly convex space X, x ∈ X\K and d K is Fréchet differentiable at x. Then the metric projection P K is continuous at x. Proof. See corollary 5 and last well known theorem above. We can say also about weakly closed sets that, each weakly closed sets in a reflexive Kadec space has the continuous metric projection [3] . Now, we want obtain sufficient conditions that implies a closed subet in a normed linear space isCebysev. We say that the space X is uniformly convex if for sequences (
we have lim
For example, each Hilbert space is uniformly convex. Milman and Pettis showed that every uniformly convex Banach space is reflexive. Also, it is easy to show that every uniformly convex space is Kadec and strictly convex. Therefore every uniformly convex Banach space is strongly convex. It is well known that every closed convex subset of a Hilbert space isCebysev and in general, each closed convex subset of a strictly convex reflexive space isCebysev. Consequently, the closed convex subsets of a uniformly convex Banach space are Cebysev. Remark 7. We see in [3] , if the dual norm of X * is Fréchet differentiable, then the closed subsets of X with continuous metric projection areCebysev. At final, the corollary 6 and remark 7 give us the following corollary; Corollary 8. Let K is closed in strongly convex space X, x ∈ X\K and d K is Fréchet differentiable at x. Then the subset K isCebysev in space X.
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